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Ellipsoidal particles encapsulated in droplets†

Michael M. Norton,a Teresa Brugarolas,b Jonathan Chou,b Daeyeon Leeb

and Haim H. Bau*a

Using hydrodynamic focusing, we encapsulated polystyrene ellipsoidal particles in water droplets dispersed

in an immiscible, continuous phase of light mineral oil. The axisymmetric shape of the drop partially

encapsulating an elongated particle was computed as a function of the particle aspect ratio, droplet

volume, and contact angle. When the droplet volume is within a certain range, pinned (partially engulfed)

and fully engulfed equilibrium configurations coexist. Partial encapsulation may be preferred (has a lower

free energy) even when the droplet's volume is sufficient to fully engulf the particle. The co-existence of

multiple equilibrium states suggests possible hysteretic encapsulation behavior. We also estimate the

axial capillary force exerted by the droplet on the particle as a function of volume and contact angle. The

theoretical predictions are critically compared with experimental observations.
1 Introduction

Rapid and controllable encapsulation of colloidal objects in
aqueous drops is useful for high throughput studies of
bacteria,1,2 cells,3 embryos,4,5 and larger multi-cellular organ-
isms such as nematodes.6 High throughput devices confer the
opportunity to efficiently explore the effects of genetic and
environmental factors on the phenotype. The same encapsula-
tion method can also be used to form anisotropic colloidal
materials with customized properties. This paper is motivated
by our work on encapsulating Caenorhabditis elegans (C. elegans)
in water drops dispersed in oil, using a platform similar to the
one described by Utada et al.7

We observed that, under certain conditions, the animals
were partially encapsulated and under others, fully encapsu-
lated. C. elegans is compliant and deforms under the action of
surface tension forces. To gain insights into the encapsulation
process, it is desirable to examine separately the effect of
particle size and elasticity. Hence, here we study a simpler
system of rigid particles. To estimate the importance of elas-
ticity in the particle–droplet system, we compare the capillary
force resulting from the pinned contact line to the critical load
required for Euler-buckling.8 The ratio of these two forces is
given by the dimensionless group G ¼ (8ga2 cos q)/(p2Eb3),
where E, g, a, b, and q are, respectively, the elastic modulus,
surface tension, minor particle radius, major particle radius (if
ellipsoidal), and contact angle at the contact line. In this study,
echanics, University of Pennsylvania,
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we focus on polystyrene particles with G � O (10�7). In contrast,
G � O (106) for live C. elegans. By focusing on rigid particles,
we are able to examine geometric effects in the absence of
elastic ones.

In the absence of gravitational forces, the oil–water inter-
faces belong to a special class of axisymmetric, constant
curvature solutions of the Young–Laplace equation known as
unduloids or Delaunay surfaces.9 Princen,10 Roe11 and Carroll12

were the rst to apply unduloidal solutions of the Young–Lap-
lace equation to the cylindrical ber-wetting problem. The
pinning of droplets and bubbles on patterned substrates have
attracted ongoing interest.13–19 In addition, Hanumanthu and
Stebe determined the equilibrium positions and stability of
droplets pierced by a cone,20 and Michielsen21 experimentally
conrmed that droplet equilibrium positions coincided with
the free-energy minima. None of the above studies has consid-
ered nite length particles that can be either partially or fully
encapsulated by the drop.

In this paper, we determine the shape of axisymmetric drops
encapsulating ellipsoidal particles as a function of drop volume,
contact angle, and particle dimensions. We discuss experi-
mental results and extend Carroll's classical ber wetting
problem to address nite length particles with non-uniform
cross-sections. The droplet shapes are determined by searching
for unduloids that satisfy specied boundary conditions at the
pinning lines. The same droplet shapes are also obtained with
an energy minimization method. When the droplet volume is
smaller than the critical value, only one axisymmetric, pinned
state is possible. Once the droplet has exceeded a critical
volume, three axisymmetric droplet congurations that corre-
spond to energy minima co-exist: a spherical engulfed state and
two pinned, unduloidal states. For one pinned solution branch,
the distance of the contact line from the particle center
increases as the droplet volume increases. For the other pinned
Soft Matter
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solution branch, counter to intuition, the opposite is true; the
axial pinning position retracts upon droplet volume increase.
While not energetically favorable, this second barrel congu-
ration possesses a lower mean curvature and lower internal
pressure than the rst. As the droplet volume is increased, the
two solution branches eventually coalesce at a limit point that
signies the end of the existence of axially symmetric pinned
solutions. Further volume increases result in either the
breaking of axial symmetry (which we do not consider in this
work) or a fully engulfed state. We gain further insights into the
problem by calculating the system's free energy as a function of
state, which reveals the possibility of hysteretic behavior.
2 Materials and methods
2.1 Fabrication of elongated polystyrene particles

Polystyrene spheres were formed (Fig. 1) with a ow-focusing
device constructed from glass capillaries in the samemanner as
Utada et al.7 A solution of polystyrene (Scientic Polymer
Products, Inc., Mw 190 000, CAS: 9003-53-6, CAT: 845) 15% w/w
dissolved in a solvent and comprised of chloroform 75% v/v
(Fisher Science, CAT: C606) and toluene 25% v/v (Fisher
Science, CAT: T290), was owed into the device at a ow rate of
Qinner ¼ 300 ml h�1 to form the dispersed phase (Fig. 1A). The
outer phase consisted of water with 2% w/w poly(vinyl alcohol)
(PVA) 87–89% hydrolyzed Mw 13 000–23 000 (Sigma Aldrich,
CAT: 363170) that helped stabilize the polystyrene emulsion
and was pumped in at a rate Qouter ¼ 1000 ml h�1. The emulsion
was discharged into a 40 �C water bath. The solvents
Fig. 1 The ellipsoidal particle formation process. (A) The creation of a
polystyrene emulsion using a flow-focusing apparatus. (B) Evaporation
of solvents from the emulsion in a warm water bath. (C) A micrograph
of solidified mono-dispersed spheres. (D) Embedding PS particles in a
PVA film. (E) Stretching of the heated PVA film to elongate the particles.
(F) Dissolution of the PVA film in water to release the ellipsoidal
particles. (G) A micrograph of the ellipsoidal particles.

Soft Matter
evaporated, and the drops solidied to form �100 mm diameter
spheres (Fig. 1C).

To form elongated particles, we followed a process previously
described in ref. 22–27. Briey, the particles were embedded in
a liquid lm of PVA (87–89% hydrolyzed Mw 85 000–124 000,
Sigma Aldrich CAT 363081) dissolved in water. Evaporation of
the water yielded a solid, free-standing lm of PVA (Fig. 1D)
embedded with the PS particles. The lm was subsequently
clamped into a pulling apparatus, heated to above the glass
transition temperature of polystyrene (�100 �C) using a hand-
held heat gun, and pulled (Fig. 1E). The applied tension caused
the particles to elongate and assume nearly ellipsoidal shapes.
While under tension, the lm and particles were cooled to room
temperature, rendering the particle deformations permanent.
The PVA lm was then dissolved in water to release the now
ellipsoidal particles. The particles were washed multiple times
by exchanging the water suspending them to remove excess
PVA. The so-formed ellipsoidal particles varied signicantly in
their sizes, which required us to individually measure the
dimensions of the particles with which we experimented.
Fig. 1G is a micrograph of the precipitated ellipsoid particles,
whose minor diameter varied from 50 to 100 mm and whose
length varied from 400 to 700 mm.

Although polystyrene particles are natively hydrophobic, the
PVA, which we used to stabilize the emulsion during the particle
formation and to form the lm for the particle stretching,
adsorbed to the ellipsoidal particle surface, rendering them
hydrophilic with a three phase contact angle of 14.2 � 5.2�. The
surface tension, contact angle, and droplet morphology also
depend strongly on the surfactant concentration. The contact
angle measurement is described in the ESI.†
2.2 Encapsulation of elongated polystyrene particles

The encapsulation of the polystyrene ellipsoids took place in a
ow-focusing device similar to the one used to create the poly-
styrene spheres. Fig. 2 (top) depicts a schematic of the encap-
sulation process. Polystyrene ellipsoids were rst imbibed into a
length of vinyl tubing from a dish containing rinsed particles.
The tube was subsequently connected to a syringe pump at one
end and to the ow-focusing device at its other end. The
suspension was then discharged through the device. The jet
(central stream) laden with the particles was sheathed with a
Fig. 2 A schematic (top) of the encapsulation process and (bottom)
three typical encapsulation results. (A) A partially encapsulated particle,
(B) a nearly fully engulfed particle in an ellipsoidal drop, and (C) a fully
encapsulated particle in a spherical drop.

This journal is © The Royal Society of Chemistry 2014
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co-stream of immiscible oil. Observations were carried out
using an inverted optical microscope (Nikon Diaphot 300) at 4�
magnication; encapsulation events were captured at 10 000–
15 000 frames per second with a high-speed SR-CMOS camera
(Phantom V7.1). Fig. 2 (bottom) shows three typical encapsu-
lation results: (A) a partially encapsulated particle, (B) a nearly
fully engulfed particle in an ellipsoidal drop, and (C) a fully
encapsulated particle in a spherical drop.

2.3 Image processing

The encapsulated particles were imaged while in the ow
focusing device (Fig. 2). The images of the encapsulated parti-
cles were processed with ImageJ and Matlab to deduce the
droplet volume, the position of the pinning line, the maximum
radius of the droplet, and the particle dimensions.

In ImageJ, the oil–water interfaces were traced using the
multi-point tool as schematically depicted on the right hand
side of Fig. 3. The top and bottom proles of each projection of
an encapsulated particle were traced out in ve consecutive
frames and the center, inclination, major axis (a), and minor
axis (b) were determined. We found that the particles can be
approximated reasonably well as prolate ellipsoids with the
averages of a and b serving, respectively, as the major andminor
axes. See ESI for a discussion of the accuracy of this approx-
imation.† The ellipsoid aspect ratio 3 ¼ a/b > 1. The volume of
the drop V was estimated using trapezoidal integration of the
discretized droplet surface.

We present our experimental data and theoretical predic-
tions with dimensionless quantities. The minor radius b is the
length scale. The droplet's dimensionless equatorial radius and
contact line position are, respectively, r*2 ¼ r2/b and z*2 ¼ z1/b.
The volume of the drop (V) is normalized with the volume V0 of
the smallest spherical drop that encapsulates the particle. In

other words, V0 ¼ 4
3
pða3 � ab2Þ is the difference between the

volume of a sphere of radius a and the ellipsoid's volume. The
dimensionless volume V* ¼ V/V0.
Fig. 3 (Left) A photograph of an elongated polystyrene particle (s)
partially encapsulated in a water drop (a) and suspended in a contin-
uous phase (b) of oil. The interface is computed with the unduloid
solution (dashed line) and energy minimization (hollow circles). The
particle aspect ratio 3 ¼ 8.0 � 0.9, the dimensionless volume V* ¼
0.0027� 0.007, and the contact angle q¼ 10�. The ellipsoid's major (a)
andminor (b) axes, the droplet's radius (r2), and the axial position of the
pinning line (z1) are shown (Right). The schematic details of the dis-
cretized domain used in the energy method. The radial position (r)
originating from the spheroid's center, the inclination angle (4), the arc
length (l), and the node number (n) are shown. The discretization is
used in the energy method. See ESI.†.

This journal is © The Royal Society of Chemistry 2014
The measurements of the interface geometry were adversely
affected by optical aberrations resulting from the difference in
the indices of refraction of the glass, water, and mineral oil and
the device's circular geometry. Specically, the encapsulated
particles appeared smaller in width than their true size. To
minimize errors from this distortion, we used the exposed ends
of the polystyrene particle for the ellipsoid tting. This method
worked well for the partially encapsulated particles, but posed a
challenge when the particles were nearly fully encapsulated
since there was little polystyrene–oil interface available for curve
tting.
2.4 Mathematical model

In this section, we describe the calculation of the axisymmetric
encapsulating the drop's shape. We consider three incom-
pressible domains: a rigid elongated particle s, a droplet a,
and a continuous phase b (Fig. 3). Since the Bond number
Bo ¼ |rb � ra|gr2

2/gab, the capillary number Ca ¼ mbU/gab, and
the Weber number We¼ rbU

2D/gab are all on the order of 0.1 or
less (see ESI†), we assume the droplet to be at a uniform pres-
sure. In the above, r�O (103 kgm�3) is the uid density; g is the
gravitational acceleration; r2 � O (100 mm) is the maximum
droplet radius; gab � O (1 mN m�1) is the interfacial surface
tension between phases a and b; mb � O (10�3 Pa s) is the
viscosity; D � O (1 mm) is the diameter of the glass capillary,
and U � O (1 mm s�1) is the average uid velocity. Clean oil–
water interfaces have an interfacial tension �O (10 mN m�1),28

but the addition of a surfactant may lower this number by an
order of magnitude.7,29

To determine the interface between the drop (a) and the
continuous phase (b) we employ two different methods. The
rst method takes advantage of the pressure uniformity inside
the drop under equilibrium conditions and in the absence of
external elds (Bo � 1). The Young–Laplace equation implies
that the interface abmust have a constant mean curvature. The
corresponding axisymmetric surfaces are, therefore, unduloids
or Delaunay surfaces.9 The interface can be specied by a
general transcendental expression. We center the Cartesian
position vector12

rðu; vÞ ¼
r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 u

p
cosv

r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 u

p
sinv

cr1Fðk2;uÞ þ r2Eðk2;uÞ

8>><
>>:

9>>=
>>; (1)

at the particle's center. The position vector is parameterized by
the unduloid's surface parameter u and the azimuthal angle v.
Bold and italic print letters denote, respectively, vectors and
scalars. The functions F and E are, respectively, the incomplete
elliptic integrals of the rst and second kind. The modulus

k2 ¼ 1�
�
cr1

r2

�2

;

where

c ¼ r2 cos4u � r1

r2 � r1 cos4u

:
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Fig. 4 The dimensionless maximum droplet radius r*2/3 ¼ r2/a (A) and
the axial position of the contact line z*1/3 ¼ z1/a (B) as functions of the
volume V*, experimental data points (circles) are color-coded
according to their aspect ratios. Black indicates a stubby particle; the
lighter the color, the more slender the particle. The theoretical
predictions are depicted for two aspect ratios, 3 ¼ 2.5 (gray line) and
7.5 (black line), and two contact angles, q ¼ 10� (solid line) and 20�

(dashed line).
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In the above, r1 is the radius of the ellipsoid at the contact
line; r2 is the major radius of the unduloid; and 4u is the angle
that the unduloid's surface makes with the z-axis. The contact
angle q ¼ 4u � 4e, where

4e ¼ arctan

"
� vr

vz

����
z1

#
(2)

is the angle that the ellipsoid's surface makes with the z-axis at
z ¼ z1. z1 is the distance along the z-axis from the particle's
center to the pinning line.

The ellipsoidal particle, axial pinning position z1, and the
contact angle q dene a unique unduloid. The ellipsoid's radius
at the pinning line

r1 ¼ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
z1

a

�2
s

: (3)

The unduloid parameter at the pinning line

u1 ¼

arcsin
1

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
1�
�
r1

r2

�2
!vuut

2
64

3
75 when 0#4u #p

p� arcsin
1

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
1�
�
r1

r2

�2
!vuut

2
64

3
75 when p#4u # 2p

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
:

(4)

Eqn (4) together with the equation

cr1F(k
2, u1) + r2E(k

2, u1) ¼ z1 (5)

enable us to determine u1 and r2.
Our second solution strategy minimizes the system's free

energy subject to a volume constraint by discretizing the drop's
surface and nding the stationary state. The energy minimiza-
tion technique can handle more general circumstances than
addressed here. In the interest of space, the description of the
energy method is deferred to the ESI.† The energy method
yielded identical results to the ones obtained when assuming
unduloidal surfaces.

3 Results and discussion

We start by comparing the predicted shape of the drop–oil
interface with the experimentally observed one. Fig. 3 (LHS)
overlays the theoretical predictions (dashed line – unduloid
surface, and hollow circles – energy minimization) on top of the
experimentally observed drop, partially encapsulating an ellip-
soidal particle with the aspect ratio 3 ¼ 8.0 � 0.9. The droplet's
dimensionless volume is V* ¼ 0.027 � 0.007 and the contact
angle q ¼ 10�. Although a couple of small droplets are visible in
the background, they do not appear to distort the shape of the
interface. Both theoretical predictions are in excellent agree-
ment with each other (<3% root mean square difference) and in
good agreement with the experimental data (<13% root mean
square discrepancy).
Soft Matter
Fig. 4A and B depict, respectively, the drop's dimensionless
radius r*2 (at the symmetry plane z ¼ 0) and the dimensionless
axial position of the pinning line z*1 as functions of the
dimensionless volume V*. The lines and circles denote,
respectively, theoretical predictions and experimental data. The
four curves featured in Fig. 4 correspond to permutations of two
aspect ratios, 3 ¼ 2.5 (black line) and 7.5 (gray line), and two
contact angles, q ¼ 10� (solid line) and 20� (dashed line). The
error bars represent one standard deviation. The experimental
data (circles) are gray scale-coded (see the inset) to indicate the
This journal is © The Royal Society of Chemistry 2014
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aspect ratio of the particle. The lighter the color is, the larger the
particle aspect ratio is. As the color darkens, the particle
approaches a spherical shape (3 / 1). We present theoretical
predictions for two different contact angles due to the uncer-
tainty in the actual value of the contact angle, which may have
varied from one particle to another and along the surface of a
particle. In the range q ¼ 10–20�, the r*2 predictions were
insensitive to the precise value of the contact angle. The
predictions for z*1 exhibited a greater dependence on the contact
angle q. As V* increased, so did r*2 and z*1. For a xed volume, the
greater the hydrophilicity (the smaller the contact angle) is, the
smaller the droplet radius r*2 and the greater the distance to the
pinning line (z*1) are. Generally, the theoretical predictions are
in reasonable agreement with experimental observations. The
average root mean square discrepancies between the predicted
and experimentally observed r*2 and z*1 values are, respectively,
3% and 9%. A signicant source of error is due to the volume
estimate that is calculated as the product of three measured
linear dimensions. Additionally, when the particles are long
(3[ 1) and the drops are small (V*� 1), the free-energy varies
slowly with the pinning position (z*1), causing a lengthy relaxa-
tion time.21 An experimental error would result when the
approach to equilibrium occurs over a time interval that exceeds
the observation time in our dynamic experiments.30 Yet another
complication is potential wettability gradients along the particle
surfaces, resulting from non-uniform surfactant absorption and
particle stretching during the particle formation process.25

Next, we predict behaviors that are not readily accessible
experimentally. Fig. 5 depicts the relationship among various
parameters that characterize the unduloid. All variables are
dimensionless, and the particle's aspect ratio 3 ¼ 3. The
abscissa and ordinate are spanned, respectively, by (cr*1) and r*2.
The various solid curves correspond to the specied contact
angles. The dashed lines correspond to the drop volume. For
example, when the drop has volume V*¼ 0.05 and contact angle
Fig. 5 Contours of constant contact angle q and constant volume V*
are depicted in the space of the unduloid coefficients (cr*1) and r*2; 3¼ 3.
Regions I (white background) and II (gray background) correspond,
respectively, to drop volumes V* < 1 and V* > 1. The hollow (red) circle
denotes the smallest fully engulfing, spherical drop with V* ¼ 1. The
solid dots indicate the maximum possible unduloidal drop volume at a
given contact angle.

This journal is © The Royal Society of Chemistry 2014
q ¼ 60�, x*2 ¼ 1.51 and cx*1 ¼ �0.29. Regions I (white) and
II (gray) correspond, respectively, to drop volumes V* < 1 and
V* > 1. In the latter case, the volume is sufficiently large to allow
a spherical drop to fully engulf the particle. The hollow (red)
circle represents the state when the drop has a spherical shape,
V* ¼ 1, r*1 ¼ 0, r*2 ¼ 3, and the particle is fully engulfed. See the
inset next to the hollow circle. All constant contact angle curves
emanate from the hollow circle since as z*1 / 3, V* / 1, indi-
cating that all unduloids approach a spherical conguration in
this limit. The region cr*1 < 0 corresponds to situations when
c < 0 (cos 4u < r*1/r*2).

Fig. 5 shows that, for each contact angle, there is a maximum
volume V*

max that can be supported by an unduloidal drop. The
unduloids corresponding to V*

max are denoted with solid (red)
dots and can be found explicitly by determining (cr*1) and r*2
when the matrix in

�
dV

dq

�
¼

2
6664

vV

vðr1cÞ
vV

vr2

vq

vðr1cÞ
vq

vr2

3
7775
�
dðr1cÞ
dr2

�
(6)

becomes singular for a given contact angle. When V* > V*
max, the

drops are spherical and completely engulf the particle (i.e.,
Fig. 2C).

When V* < 1, Fig. 5 illustrates that there is only one possible
unduloidal drop conguration for any given drop volume and
contact angle. When V* > 1, multiple unduloidal drop cong-
urations are possible, however. Note that, when V* > 1 and q > 0,
constant volume curves intersect constant contact angle curves
twice. In other words, there are three possible axisymmetric
drop congurations: two consisting of partial engulfment (the
right and le insets at the top portion of Fig. 5) and one of
complete engulfment (Fig. 2C). To obtain further insight into
the two possible partially engulfed congurations, Fig. 6 depicts
the two unduloids when q ¼ 60� and V* ¼ 1.2 (solid lines). We
include in the gure also a third unduloid having the limiting
volume V*

max ¼ 1.34 (q ¼ 60�, dashed line). We refer to this
unduloid as the limiting drop. This third unduloid corresponds
to the red solid dot in Fig. 5. For better visibility, we enlarge the
region next to the contact line in the inset. We refer to the drop
congurations to the le and right of the limiting drop as the
retracted and extended branches, respectively. Let us consider a
Gedanken experiment in which one gradually increases the
drop volume. As the drop volume increases, both the contact
lines associated with the retracted and extended branches
approach the position of the drop with the limiting volume. The
contact line of the retracted branch migrates away from the
particle center, increasing the particle wetted area, as we
observed in the experiments. Counter to intuition, the extended
drop contracts as its volume increases. The extended congu-
ration always has a lower curvature than the extended branch.
To determine which branch is preferred, we will consider the
surface energy of each conguration.

In addition to the two axisymmetric pinned, barrel states (B)
and the fully engulfed (FE) state that we already discussed
heretofore, other stationary states are possible, such as an
Soft Matter
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Fig. 6 The shapes of the two solution branches (V* ¼ 1.20, solid lines)
and that of the limiting drop (V* ¼ 1.34, red line). q ¼ 60� and 3 ¼ 3.
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axially-asymmetric clam-shell (C-S)14,31 and an expelled (EX)
state in which the particle resides entirely in the continuous
phase, outside the drop. In this paper, we have restricted
ourselves to axisymmetric congurations, and we cannot
comment on possible transitions to the C-S state. We will
compare, however, the free energies of the various axisymmetric
states. We use the expelled state as the reference state (state of
zero energy). Fig. 7 depicts the dimensionless free-energies
(DE*) of the pinned states (solid lines) and, when admissible, of
the engulfed states (dotted lines) as functions of the volume V*
for various contact angles q. The particle's aspect ratio 3¼ 3. We
use gb2 as the energy scale. We identify three regions. In region I
(V* < 1), only one pinned axisymmetric conformation is
Fig. 7 The free energy relative to that of the expelled state as a
function of normalized volume. The solid and dashed lines corre-
spond, respectively, to pinned drops and engulfing drops. The shaded
region corresponds to the parameter space where multiple equilib-
rium states coexist. The particle aspect ratio 3 ¼ 3.

Soft Matter
possible. In region II (1 < V* < V*
max, shaded area), full encap-

sulation (dashed line) and two pinned solutions (solid lines) are
possible. The two pinned solution branches meet at V*¼ 1. The
lower and upper, pinned branches correspond, respectively, to
the retracted and extended states. The retracted state is a state
of lower energy than the extended state. In region III (V* > V*

max),
no pinned solutions are possible. When q < 70�, the pinned,
retracted state is the lower energy state while the engulfed and
expelled states are metastable. When q > 70�, expulsion is the
preferred state. In the neighborhood of q ¼ 70�, the energy is
non-monotonic and high volumes prefer a pinned state while
lower volumes prefer expulsion.

To better clarify the energy landscape in region II, Fig. 8A
magnies the region enclosed in the dotted rectangular frame of
Fig. 7 (q ¼ 60�). Fig. 8B depicts the position of the pinning line
when the drop is pinned (z*1 < 3, V* < V*

max, solid lines) and the
radius of the engulng spherical drop (when V* > 1, dashed line).
Let us consider a hypothetical experiment in which one gradu-
ally increases the volume of the drop from state A. When V* < 1,
only the pinned, a retracted state (solid line) is possible (see inset
next to A). Once V* exceeds one, an additional pinned state, an
extended state (solid red), and an engulfed state (dashed line)
becomes possible. In the gray region (1 < V* < V*

C ¼ V*
max),

three states coexist. When 1 < V* < V*
B, the pinned, retracted

state is the state with the lowest energy. When V* ¼ V*
B (state B),

the engulfed and pinned states have the same energy. When
Fig. 8 A magnified image of the framed region in Fig. 7. DE* (A) and z*1
(B) are depicted as functions of V*. q ¼ 60� and 3 ¼ 3. The arrows
describe a Gedanken experiment.

This journal is © The Royal Society of Chemistry 2014
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V*
B < V* < V*

C, the engulfed state is energetically the most favor-
able. Point C is a limit point at which the retracted and extended
pinned branches meet. When V* > V*

C, only the fully engulfed
state exists. In the hypothetical experiment, one would antici-
pate that when the drop volume is gradually increased, the
pinned, retracted state would persist until V* ¼ V*

D. Further
increase in volume will induce a discontinuous transition to the
engulfed state (D). If one were to gradually decrease the drop
volume from state (D), the system would likely follow a different
path, a path of engulfed states, up to state (E) before jumping
discontinuously to the pinned state (F). The “extended” pinned
branch, which provides an alternative route between (C) and (E),
is likely inaccessible. In the above, we described a potential
hysteretic behavior in which the system follows different
paths in the directions of increasing and decreasing volumes
when 1 < V* < V*

max.
Next, we examine the axial force that the drop applies on the

particle

Fz* ¼ �p{2r1* cos(4u) + (1 � r1*)k*}. (7)

In the above, k*¼ bk is the dimensionless uniform curvature
(twice the mean curvature) of the drop. Fig. 9A depicts the
normalized curvature as a function of the normalized volume V*
for various contact angles. The force is normalized with bgab.
The rst term in eqn (7) is the force exerted by the contact line
on the particle. This force can be either compressive or tensile
Fig. 9 Normalized curvature (A) and axial force (B) as functions of
dimensionless volume, 3 ¼ 3. The hollow circle denotes a spherical,
engulfing drop.

This journal is © The Royal Society of Chemistry 2014
depending on the magnitude of the angle of the tangent to the
drop's surface 4u. The second term in (7) results from the
Laplace pressure acting on the particle's surface. This force is
always compressive in the case of a prolate ellipsoid. Fig. 9B
depicts the axial force F*z as a function of the droplet volume V*
for several contact angles. Positive and negative F*z represent,
respectively, tension and compression. When the drop is
wetting (q < 90�), the contact line exerts a compressive force.
When q > 90�, a tensile force is possible. The transition from
compression to tension occurs when the pinning line force
balances the compressive force due to the pressure in the drop.

4 Conclusion

We have studied the shape of axisymmetric drops enclosing a
slender, ellipsoidal particle as a function of drop volume and
contact angle. Calculations of the droplet geometry were carried
out using two different methods that yielded identical results.
The theoretical results agreed favorably with experimental
observations.

The theory shows that there is a maximum volume that can
be supported by pinned unduloidal morphologies. It remains,
however, to be seen whether or not volumes beyond this limit
point can be supported by asymmetric clam-shell states. Simi-
larly, while we have identied multiple stationary states and the
possibility of hysteretic encapsulation behavior, further inves-
tigations are required to determine if these transitions are
physically realizable given that asymmetric morphologies may
be preferable in certain cases. Our work was also limited to rigid
particles. Another interesting extension of the work would be to
address the behavior of exible (compliant) particles.
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